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1. Point out YES or NO without any proof for each statement.

(a) If a function f is real-valued function defined on R and is di!erentiable every-

where, then f →
is continuous.

(b) For any integrable f(x) defined on [→1, 1], then F (x) =
∫ x

↑1 f(t)dt is di!eren-
tiable on [→1, 1].

(c) At most two subsets of the real numbers are both open and closed.

(d) If a function f is real-valued function defined on R2
and all directional deriva-

tives exist and equal, then f is di!erentiable.

(e) There exists a function f with continuous second-order partial derivatives such

that fx(x, y) = 5x2
+ y and fy(x, y) = 5x2 → y.

2. (a) For any u, v, w ↑ R3
, prove the identity

u · (v ↓ w) = w · (u↓ v) = v · (w ↓ u).

Find the volume of a parallelepiped with one of its eight vertices at A(0, 0, 0),
and three adjacent vertices at B(1, 2, 0), C(0,→3, 2) and D(3,→4, 5).

3. (a) Let ω(t) = (sin t + cos t, 2 sin2 t), for t ↑ [0, ε/2], be a curve in R2
. Find the

length of the curve ω. (No need to evaluate the final value of the integral.)

(b) If a di!erentiable path r(t) lies on a sphere centred at the origin, show that

r(t) · r→(t) = 0.

4. (a) Find the distance from the point (0, 0, 0) to the plane 7x+ 4y + 6z = 6.

(b) Find the equation of the tangent plane of the surface

z = 2x3
+ 6xy2 → 3x2

+ 3y2 → 2x→ 2y

at (1, 1, 4).

5. (a) By using the Triangle inequlaity, or otherwise, show that for any a, b, c, d ↑ R
√

(a+ b)2 + (b+ c)2 + (c+ d)2 + (a+ d)2 ↔ 2
↗
a2 + b2 + c2 + d2.

(b) Suppose a = 1. Find all possible values of b, c and d so that the inequality

above becomes an equality, i.e.,

√
(a+ b)2 + (b+ c)2 + (c+ d)2 + (a+ d)2 = 2

↗
a2 + b2 + c2 + d2.

6. Evaluate the following limits or show they do not exist.

8

b)
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(a)

lim
(x,y)↓(0,0)

ex+y → 1

xy
.

(b)

lim
(x,y)↓(0,0)

xy

x2 + y2
.

(c)

lim
(x,y)↓(0,0)

x12y2

(x6 + y2)3
.

7. Let f(x, y) = ecos(2x
2+y2)+2x+y

.

(a) Find the linearization of f at (0, 0).

(b) Approximate f(→0.3, 0.3) using the linearizatinon in the first problem.

8. Let

f(x, y) =

{
y3

x2+y2 , (x, y) ↘= (0, 0),

0, (x, y) = (0, 0).

(a) Show that f(x, y) is continuous on R2
.

(b) Prove that Duf(0, 0) exist for all unit vectors u ↑ R2
.

(c) Is f(x, y) di!erentiable at (0, 0)?
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1. Point out YES or NO without any proof for each statement.

(a) If a function f is real-valued function defined on R and is di!erentiable every-

where, then f →
is continuous.

(b) For any integrable f(x) defined on [→1, 1], then F (x) =
∫ x

↑1 f(t)dt is di!eren-
tiable on [→1, 1].

(c) At most two subsets of the real numbers are both open and closed.

(d) If a function f is real-valued function defined on R2
and all directional deriva-

tives exist and equal, then f is di!erentiable.

(e) There exists a function f with continuous second-order partial derivatives such

that fx(x, y) = 5x2
+ y and fy(x, y) = 5x2 → y.

a No ., consider f(x) = 3
*sinG) ,

x+ 0

, X= 8
.

b) No .

2) Exactly the subsets of R are both open and used , R , P.
d) No · f(xy) = S ,

(x , y) + (0 ,)
0
,

(x ,y) = (0 , 0).
Formprector

,

Duf (0 ,3) = 0 , but fis not diff . ato .
U

e) No . Exy# Fyx.
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2. (a) For any u, v, w ↑ R3
, prove the identity

u · (v ↓ w) = w · (u↓ v) = v · (w ↓ u).

Find the volume of a parallelepiped with one of its eight vertices at A(0, 0, 0),
and three adjacent vertices at B(1, 2, 0), C(0,→3, 2) and D(3,→4, 5).

b)

a U= (UpU2, (3) , v= (vi ,V2,Vs) , We(W ,We , wa)

n(xw) = u ./ &

=u . (Vwo-VzWe , - (VW3-vzW) , YWe-VzW)
= u, (VWy-VsWe) +Un (VzW ,-VWs)+ us (Vwz-Vzwi

-
= UWstUrw + Ugrwe - (Wuzthvaw)

Sunday :
~w . (ux) = .. . = winV +Westwin- (WitWars

+WV)
So u . (vxw) =w . (ux) mel

· isthe other equality
similarly

b) AB= (1;2,0)
Al= (0 , -3 ,2)

V = (AB . (ACXAD))
AD= (3 ,-4 ,5) . = /10 -/-4

=... = 5/
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3. (a) Let ω(t) = (sin t + cos t, 2 sin2 t), for t ↑ [0, ε/2], be a curve in R2
. Find the

length of the curve ω. (No need to evaluate the final value of the integral.)

(b) If a di!erentiable path r(t) lies on a sphere centred at the origin, show that

r(t) · r→(t) = 0.

a L=SEldt . r'(t) = (cost-suit, 4 Suitest) -

v'() · jCt) = Lust-suit)+ (sintcost)
2

= 1-2estsuit+16 sinztcost -

LostSuit +16sit cost do. . .
r(t) For

everyt , llr(t)/= Cost

6)(t) is e vector
So for everyte
r(t) . r(t) = coast .

So differentiating both sides in t
, we got

2r'() . r(t) =0 => v'(t) - r(t)=0 for all to
/1

-
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4. (a) Find the distance from the point (0, 0, 0) to the plane 7x+ 4y + 6z = 6.

(b) Find the equation of the tangent plane of the surface

z = 2x3
+ 6xy2 → 3x2

+ 3y2 → 2x→ 2y

at (1, 1, 4).

l(t) = (0 ,0 , 6) + + (7 ,4 ,6) = (7t,47,6t)· Find to st . l(to) is on the plane.
z(7to) + 4(4tol +S(6to) = 6

10Ho =6 = to=
.

llto) = (2)
.

1276))) =11(Ell=
/

6) let z= f (x,y) where f(xy) = 2x3+Exy2-3x+by 2-2x-2y
Then equation of targent plane at Kiyos f(xg))
is z = f(xxy) + fx (xayo) (x- Xo) + fy(xo ,y)(y-yo)

Check : f(1 , 1) = 4 .

fx = Gx2+ Gyz - 6x
-2 fx((,) = 4

fy = 12xy+ by -2 fy(1 ,1) = 16.

So
equ - of targent place is
z= 4+ 4(x - 1) + 16(y- 1) = 4x + 16y + 2%
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5. (a) By using the Triangle inequlaity, or otherwise, show that for any a, b, c, d ↑ R
√

(a+ b)2 + (b+ c)2 + (c+ d)2 + (a+ d)2 ↔ 2
↗
a2 + b2 + c2 + d2.

(b) Suppose a = 1. Find all possible values of b, c and d so that the inequality

above becomes an equality, i.e.,

√
(a+ b)2 + (b+ c)2 + (c+ d)2 + (a+ d)2 = 2

↗
a2 + b2 + c2 + d2.

a) CHS = 11 (a+b ,b+c, e+d ,at d /l
= Il (a ,b ,c ,d) + 1b , c ,d , all

trianglea Il (a ,b, c,d) ll +11(b , <, d,a) I
meg .
both mectors& 211(a ,

b
, c,d) l) = RUS ·

%.hand
the sere

lenge
b) a= 1 . Recall equality case of Cauchy Schwarz inequality
is when the two nectors are linearly dependent (n=i for
So we need,

some X30)-
(b , <, d , 1) = x(kb, c ,d)

b=1)
.

c= xb = 12
=>l ** = X= 1 .

d= Xcz So b= c=d =1 as well,
1 = xd= x4 /
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6. Evaluate the following limits or show they do not exist.

(a)

lim
(x,y)↓(0,0)

ex+y → 1

xy
.

(b)

lim
(x,y)↓(0,0)

xy

x2 + y2
.

(c)

lim
(x,y)↓(0,0)

x12y2

(x6 + y2)3
.

a)Consider the line y
=mx.

lin ext
=
line-1

(x ,y)-> (0,0) Xy X+ & mX
2

expayor inX
, diverges-CORRECTION :

arounda
=

x+ mx
>

(another way
: use L'Hopital's Rule twice A got

E& --
X+y Xem elem which depends

on m,

&
hence in DNE .

NOT CORRECT to use L'Hopital's Rule twice since

time is not an indeterminate

form.
Is Rule once since one can thenonly need tuse L'Hopita

see thati dives



X= rast

3)

Upst positea

depends on 8,
So in DNE ,

2)hiXy Conside y= X,a
ei
440 jes=li = t

2) Consider y
= 2x3

lin X&. 4X
&

X-)] G43
= Mm8=-

so limit DNE./.



MATH2010F Tutorial 7 9

7. Let f(x, y) = ecos(2x
2+y2)+2x+y

.

(a) Find the linearization of f at (0, 0).

(b) Approximate f(→0.3, 0.3) using the linearizatinon in the first problem.

a fx = ess(x+y+2x+y · (si(2x+yz) . 4x +2)
fx(0 ,0) = ebs(0+0) +0+0 .

- sin(0) - 0 +2) = Le .

fy= ebs(2xe yz) +2x+y (sin(2x+y) -2y+1)

fy(0 ,) = e
flop)= ebs(0 + 5) + 0+0 = e .

So((xy) = e+ ze(x-5) + e(y0) = e+ zex +ey
6) L(,) = e+ 2e() + el)=
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8. Let

f(x, y) =

{
y3

x2+y2 , (x, y) ↑= (0, 0),

0, (x, y) = (0, 0).

(a) Show that f(x, y) is continuous on R2
.

(b) Prove that Duf(0, 0) exist for all unit vectors u ↓ R2
.

(c) Is f(x, y) di!erentiable at (0, 0)?

a) Only need to showhicopf(xy) = f(0 ,%) = 0.

linhilsiz
So fis its on R2·
/ -

b) let u= (a ,b) with a+b=1 .

Then

Duf(0 ,0) = him findingau)- flors)
h+ s

e

=
ei flune)lub li . .ht

/1
.

c) Ii flunyf(0) ch(xy)+ (0 ,0)
y

=

=enSu DN

So is not diff at 10
.
0 ·

%.


